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I. INTRODUCTION
Thermal fluctuations have become one of the fundamental sources of noise in high-precision experiments and are of increasing interest to many research groups [1] [2] [3] [4] [5] . A prime example is interferometric gravitational wave (GW) observatories [6] [7] [8] , in which the mitigation of thermal noise in the audio-frequency band from 10 Hz to 10 kHz constitutes one of the most challenging aspects of the design of mirrors and suspension systems [9] [10] [11] . In particular, as GW observatories are required to operate continuously for months or even years, understanding how the thermal noise spectrum can change over time is important, especially in light of recent reports from the VIRGO experiment of surface damage on the blade springs which form the basis of that interferometer's suspension system [12] . It is also crucial to understand the role of thermal noise in experiments investigating quantum-radiation-pressure noise (QRPN) and the standard quantum limit (SQL) [13] . When dominated by structural damping [14] , thermal noise above the mechanical resonance rolls off with frequency faster than QRPN, so that at sufficiently high frequencies the SQL can be observed. However, thermal noise when dominated by viscous damping exhibits the same frequency dependence as QRPN, making it necessary to cool such a system (typically to below 1 K) in order to observe the SQL.
Here, we present direct measurements of broadband displacement spectra which are limited by thermal noise across the audio-frequency band (spanning over a decade above and below the fundamental flexure resonances). The oscillator is a cantilever flexure with an effective mass on the scale of ∼1 g. Cantilever flexures are used in a wide range of opto-mechanical experiments [2, 5, 15, 16] and feature in designs for mirror suspension systems in future gravitational wave detectors [17, 18] . We use cavity readout and PoundDrever-Hall (PDH) locking [19] to retrieve the flexure displacement, allowing us to observe fluctuations below 10 −16 m ffiffiffiffiffiffi Hz p . Our experiment has the ability to resolve different frequency dependences of thermal noise in the audiofrequency band. Our analysis indicates that, for two of our flexures, structural noise dominates the displacement fluctuation spectra at low frequencies, whereas thermoelastic noise dominates at higher frequencies, until frequency noise compromises the measurement. Previous measurements have been reported showing coating and mirror thermal noise as the dominant source of fluctuations in various regions of the displacement spectrum [20] [21] [22] [23] . Our flexure resonances fall in the intermediate region where structural and thermoelastic loss have comparable magnitudes. While structural and viscous damping have been studied before [24] [25] [26] , to our knowledge no experiments to date have explored this crossover regime. Our results are well explained by a simple model which includes both effects. This agreement confirms the frequency dependence of these different thermal noise mechanisms, which is vital for experiments seeking to measure QRPN and the SQL, especially in the case of niobium which, with its low bulk loss, is a material of interest for such experiments. Furthermore, we present measurements from a second niobium flexure with visible surface damage for which the thermal noise is not explained by the same model, unless an extra viscous damping is included. This indicates that surface damage can change the frequency dependence of thermal noise in addition to reducing an oscillator's quality factor, which will be an important consideration for taking account of aging in GW detector suspension systems.
II. EXPERIMENTAL SYSTEM
Monolithic inverted-pendulum flexures [ Fig. 1(b) ] were manufactured from aluminum (1100 alloy) and niobium by electric discharge machining [27] . The niobium flexures were annealed in vacuum and chemically etched to obtain a high Q factor [28] . The geometrical simplicity of the mechanical oscillators was intended to isolate the fundamental resonant frequencies from higher-order modes.
The aluminum flexure membrane was 5 mm wide, 1 mm high, and 120 μm thick. A mirror 1=4 in. in diameter and 2 mm thick was glued to the top of the flexure. The effective mass of the flexure (including the mirror) was 0.4 g, resulting in a fundamental resonance of 271 Hz. The quality factor at this resonance was independently determined from a ringdown measurement to be Q ¼ 2200.
The first niobium flexure membrane was 6.35 mm wide, 1 mm high, and 72 μm thick. A dielectric mirror 7 mm in diameter and 1 mm thick was glued to the top of the flexure structure. With an effective mass of 0.7 g, the fundamental resonant frequency is at 85 Hz with Q ¼ 44000, also independently determined using a ringdown measurement.
A second niobium flexure with a 6.35 × 1.0 mm, 200 μm thick membrane was also manufactured, with a resonant frequency of 302 Hz and a quality factor of Q ¼ 1540, measured by ringdown and confirmed by a direct measurement of the mechanical transfer function.
To measure the extremely small thermal displacements with a high signal-to-noise ratio, a flexure is placed into a vacuum chamber and acts as the back mirror of a FabryPerot test cavity (TC). Displacements of the flexure imprint a phase shift onto the light bouncing off the mirror, which is amplified by approximately a factor of the cavity finesse. The layout of the experiment is shown in Fig. 1(a) . The TC was 12 mm long and comprised a front mirror glued to a piezoelectric transducer (PZT) [29] in addition to the back mirror on the flexure. The cavity finesse was 600 and 700 for the aluminum and niobium flexure experiments, respectively. The TC was kept on resonance using the PDH locking technique [19, 30] , and fluctuations in the cavity length were read out via the error signal of the PDH lock (labelled "Readout" in Fig. 1 ), corrected using the measured closed-loop servo response.
To successfully measure thermal fluctuations using this technique, noise on the frequency of the interrogating laser must be reduced to below the equivalent thermal noise displacement, since these would otherwise appear as changes in the cavity length. To achieve this, the laser was locked to a high-finesse (F ¼ 6000), 20-cm-long Zerodur reference cavity suspended in vacuum [27] . It is also critically important that thermal fluctuations be the dominant source of changes in the cavity length. For this, the TC is suspended inside the vacuum chamber by a multistage vibration isolation system [31] , which provides an effective "seismic wall" at 10-40 Hz.
III. DISPLACEMENT NOISE MEASUREMENTS
The measured displacement fluctuation spectra for the three flexures are shown in Fig. 2 . Also shown on these plots are the laser frequency noise, converted to an equivalent displacement noise, and electronic readout noise, as well as the expected thermal noise of the mirror coatings and PZT [32, 33] . The measured displacement spectra are above all of these noise sources, and therefore expected to be dominated by thermal fluctuations, up to an order of magnitude above and below the fundamental mechanical resonances. Laser frequency noise begins to dominate the spectra at around 5-10 kHz. Calibration lines were injected into each spectrum, setting an experimental uncertainty on the displacement of approximately 20%.
IV. THERMAL NOISE MODEL
Thermal noise is present in all macroscopic oscillating systems, driven by the thermal energy k B T present in every degree of freedom. From the fluctuation-dissipation theorem, the power spectrum of the thermal fluctuations x th ðtÞ in a harmonic oscillator at temperature T can be determined from its mechanical response, characterized by oscillation frequencies ω k , their effective masses m k , and corresponding losses ϕ k ðωÞ, which are generally frequency dependent [14, 34] . The equation describing this power spectrum iŝ
where k B is the Boltzmann constant. Here, the dimensionless loss parameter ϕ k ðωÞ represents the linear sum of all losses in the system for the kth mode; its value on resonance determines the quality factor of that resonance as
Our model takes into account damping of all relevant mechanical modes by a combination of structural loss ϕ struc , due to internal friction, and viscous thermoelastic loss ϕ te;k ðωÞ, caused by heat flow as different parts of the material are subjected to differential stresses. The total loss for a particular mode is taken to be
which should match the value obtained from ringdown measurements. The structural loss is the same for all modes and is independent of frequency [14] ; in the absence of any other loss mechanisms, the inverse of the structural loss alone would determine the quality factor Q of the oscillator.
On the other hand, thermoelastic loss varies with frequency and is dependent on the bulk material and geometry of the flexure. It can also be different for different oscillation modes.
In general, the thermoelastic loss of a mode k is described in terms of a strength Δ and characteristic time τ k [35] , as
In these equations, α, E y , ρ, C v , and κ represent the linear thermal expansion coefficient, Young's modulus, density, specific heat, and thermal conductivity of the flexure material, respectively. Values for these are given in Table I . The parameter l k represents the path length along which heat flows as the material experiences stress and strain. This varies depending on the mode of oscillation; for example, the path length l 0 for the fundamental (bending) mode of our cantilever flexures is simply the membrane thickness, while for a higher-order shear mode l k could depend additionally on the width and height of the membrane. The characteristic time taken for heat to be transferred across this distance is given by τ k and gives rise to a peak in the frequency response at ω k ¼ 1=τ k . Figure 3 shows the predicted frequency-dependent loss, made up of structural and thermoelastic components, for our three flexures in the frequency range of interest. The fundamental resonant frequencies are indicated by vertical dashed lines, and the total loss calculated from the measured quality factor is shown as a horizontal line. Equations (2) and (3) then allow us to infer the structural loss for each flexure. The values obtained in this way are summarized in Table II . The inferred structural loss values for the aluminum and first niobium flexure are consistent with those reported in other work [28] .
Our model predicts much higher thermoelastic loss at the fundamental resonance for the second niobium flexure due to its increased thickness, which shifts the thermoelastic peak to lower frequencies according to Eq. (4). This is consistent with the significantly lower quality factor. However, the inferred structural loss for this flexure is also much higher than for the first niobium flexure, which is unexpected since the two flexures are made of the same material.
Other loss mechanisms were also investigated, including damping from residual background gas collisions, loss from the flexure clamping, and the amount and type of glue used (initially "Vac-Seal," a vacuum compatible two-part epoxy, and subsequently superglue). None of these tests showed significant changes to the off-resonant thermal noise.
V. COMPARISON AND DISCUSSION
We now compare the predictions of the model developed above with our measured thermal noise displacement spectra. Figure 4 shows the measured displacement noise spectra of the aluminum and high-Q niobium flexures overlaid with the thermal noise model developed above (Eq. (3) added in quadrature with the experimental noise sources discussed in Sec. III. No fitting was performed, and the ratio of the experimental and theoretical traces is also given for the purposes of comparison. For the aluminum flexure, the measured displacement deviates from the predicted total noise below 50 Hz, which is due to residual seismic coupling into the final test cavity suspension stage and spurious scattering of light onto the reflection photodiode. The niobium measurement follows the predicted noise trace well from 10 Hz up to 2 kHz.
In both of these cases, structural loss is the dominant noise source at frequencies below the fundamental resonance, while at higher frequencies the loss is dominated by thermoelastic damping. This feature is particularly noteworthy for QRPN experiments due to the different frequency dependence of these loss mechanisms [13] . Thermal noise originating from structural loss exhibits a 1=f 2.5 rolloff, so that radiation pressure noise, which rolls off as 1=f 2 , can dominate at high frequencies. On the other hand, fluctuations due to thermoelastic loss have the same 1=f 2 frequency dependence as radiation pressure and can therefore mask QRPN unless the system is cooled to cryogenic temperatures. As previously noted [11] , one could tailor the flexure geometry to shift the thermoelastic peak out of the frequency band of interest, ensuring that QRPN will dominate the fluctuation spectrum. The simple model presented above, which fits the measured data well with no free parameters, could be used in the design of such experiments. Figure 5 (a) compares our thermal noise model with the experimental data for the second, low-Q niobium flexure. As noted in Sec. IV, our model predicts an unexpectedly high structural loss for this flexure, based on the measured quality factor. We now see that the model also predicts a qualitatively different frequency dependence to that observed, particularly evident in the slope of the ratio between the model and the experimental data. This indicates that this flexure is not dominated by structural damping as predicted by the model. On the other hand, if we were to assume a similar structural loss to the first niobium flexure, the model developed in Sec. IV would predict a quality factor of Q ∼ 5000, which is inconsistent with ringdown and transfer function measurements.
This discrepancy can be explained by a defect in the flexing membrane, visible under a microscope [ Fig. 5(b) ], which appears to run along one edge of the membrane. Such a defect could well introduce an additional source of viscous damping due to rubbing [36] , although this has not been investigated extensively. Trace (ii) in Fig. 5(a) shows a model with total loss determined by the measured quality factor Q ¼ 1540, the same structural loss angle as for the first niobium flexure, thermoelastic loss calculated from Eq. (3), and the remainder attributed to an additional viscous damping. This model shows good agreement with the data, including below the fundamental resonance where the first model fails. From the low quality factor, the thermal noise spectrum, and the visible evidence of a defect in the flexure membrane, we therefore conclude that the flexure was damaged during fabrication or experimental usage and that the resulting crack not only reduced the quality factor but also added an additional source of viscous damping.
That a microscopic surface defect can change the frequency dependence of thermal noise is an important consideration, especially for GW observatories, which rely on knowledge of the frequency dependence of thermal noise over the lifetime of the instrument. Recently, the VIRGO Collaboration reported evidence of surface damage on the blade springs which form the basis of that interferometer's suspension system, even before the blades reach the breaking point [12] . A thermal noise spectrum which is dominated by viscous damping falls off more slowly with frequency (by a factor of f 1=2 ) than one dominated by structural noise. If an aging flexure develops surface cracks resulting in viscous damping and this effect is not taken into account, the thermal noise above the resonance may be significantly underestimated.
VI. CONCLUSIONS
We have reported measurements of off-resonance thermal noise for aluminum and niobium cantilever flexures in the audio-frequency band between 10 Hz and 10 kHz, using cavity readout and PDH locking to observe the displacement of the flexures due to thermal fluctuations at room temperature. Our experimental results show good agreement with a simple model which includes structural damping and frequency-dependent thermoelastic damping. Results from a third flexure with visible surface damage show a qualitatively different thermal noise spectrum which can only be explained using an additional viscous damping, demonstrating that surface damage can change the frequency dependence of thermal noise in addition to reducing the quality factor. These results are of particular interest for the design of suspension systems for next-generation gravitational wave observatories, as well as the understanding of aging effects in existing detectors. They also indicate that an appropriate choice of physical parameters should allow structural damping to dominate thermal noise well above the mechanical resonance, an important requirement in designing an experiment to reveal the standard quantum limit.
